We discuss locally Weyl (scale) covariant generalisations of gravitational theories using Riemann-Cartan-Weyl space-times in arbitrary dimensions. We demostrate the procedure of Weyl gauging on two examples in particular: General relativity, and Topologically Massive Gravity in three dimensions.
Introduction
General Relativity (GR) needs to be modified in both large and small scales. On one hand, probable deviations from geodesic motion due to gravitational self forces and several astrophysical observations hint modifications at large scales. On the other hand, a renormalizable, unitary quantum field theory of massless spin-2 gravitons insists on a modification at short distances. Scale covariant generalisations of gravitational theories are important to consider both UV and IR complete theories of gravitation. Here, we give a procedure for Weyl gauging of gravitational theories in the context of Riemann-CartanWeyl (RCW) space-times. We show that our method gives a consistent generalisation for two examples: GR theory in arbitrary dimensions and Topologically Massive Gravity (TMG) theory in three dimensions. We picked a three dimensional example because three dimensional theories of gravitation provide important toy models to understand quantum gravity problem [1] [2] [3] [4] . TMG theory is an extension of GR in three dimensions that is obtained by coupling the gravitational Chern-Simons term to the Einstein-Hilbert action [5, 6] . Because standart general relativity has no local degree of freedom [7] , Chern-Simons term introduces local degrees of freedom by increasing the order of the field equations from two to three. TMG admits a massive spin-2 mode in addition to a famous BTZ blackhole solution [8, 9] . Furthermore, using AdS/CFT correspondence, unitarity of the renormalisable [10] quantum theory has been shown at a critical point [11] .
RCW space-times are geometries whose linear connections have both dynamic torsion and non-metricity parts. The particular choice of connection where the non-metricity tensor has a vanishing trace-free part provides a natural framework to discuss locally scale covariant theories of gravitation [12] . This is because the non-metricity tensor in a RCW space-time can be identified with the Weyl connection 1-form. This identification also relates the origin of local changes of scale to the geometry of space-time.
Weyl group is the group of local scale transformations. It is a non-compact, 1-parameter, abelian Lie group. As a set, it is homeomorphic to R + . For scale covariant theories, we promote global scale transformations into local ones. Therefore when we talk about scale covariant field theories, there is a principal bundle structure over space-time where the structure group is Weyl group. Tensors over space-time are seen as sections of this bundle. Trans-formations of such sections under this group is connected to the dimensions that they carry. On this bundle, a Weyl connection 1-form taking values in the Lie algebra R of the Weyl group introduces a scale covariant exterior derivative that is compatible with the action of the Weyl group.
The organisation of the paper is as follows. In section 2, we discuss RCW space-times within the context of local scale transformations. In section 3 we move on to give our examples. We present the Lagrangian formulation of locally scale covariant extension of these theories. Their field equations are determined using a first order variational principle. Finally, we show the consistency of this procedure and provide concluding remarks.
Riemann-Cartan-Weyl Space-Times
A RCW space-time is a triplet {M, g, ∇} where M denotes a smooth nmanifold, g a non-degenerate metric tensor, and ∇ a linear connection on M. The metric tensor can be expressed as g = η ab e a ⊗e b where η ab = g(X a , X b ) = (−, +, .., +), in terms of a g-orthonormal frame {X a } that are dual to the co-frame 1-forms {e a } so that e a (X b ) = ι b e a = δ a b . Here ι a ≡ ι Xa denotes the interior product operations with respect to the frame vectors X a . The spacetime orientation is fixed by the choice of a volume form * 1 = e 0 ∧e 1 ∧...∧e
is the Hodge duality operator. For simplicity, the following abbreviations for the exterior products e ab... ≡ e a ∧e b ∧. . . , and the interior products ι ab... ≡ ι a ι b . . . will be used. Lastly, the connection ∇ is given by a set of connection 1-forms {Λ
We define the non-metricity, torsion, and curvature forms of a linear connection by the Cartan's structure equations below:
D and
R a b denote the exterior derivative, exterior covariant derivative and curvature of the above connection, respectively.
1 Bianchi identities are obtained as the integrability conditions of the above Cartan's structure equations:
The most general linear connection is fixed uniquely by the metric tensor field g, the torsion tensor field T and a non-metricity tensor field S = (Λ) D g. To observe this, one may separate the anti-symmetric and symmetric parts of the connection 1-forms as follows:
where the anti-symmetric part further decomposes in a unique way according to Ω
Here, the Levi-Civita connection 1-forms ω a b are determined completely by the co-frames from the Cartan structure equations
The contortion 1-forms K 
RCW geometry offers a framework to develop locally scale covariant generalisation of gravitational theories. Some field elements Φ are allowed to carry some representation of this group. Under a local scale transformation, we assume Φ → exp(−qσ)Φ, (2.12) where σ is a dimensionless real scalar field on space-time and the dimensionless parameter q is called the Weyl charge. Weyl charges are assigned to fields according to the dimensions they are carrying [12, 13] . Conventionally, the metric tensor is assigned a Weyl charge of −2 because it is a covariant 2-tensor. This also complements the fact that a metric has dimension length squared. This choice is consistent with our framework because connection is not a tensorial quantity and thus it is not assigned any dimensions, so it stays inert under local scale transformations. Also, there need not be any correlations between metric scaling and transformation of the linear connection in a RCW space. To be able to make this choice, one has to have at least one of the torsion or non-metricity tensors to be nonzero. Otherwise, in a Riemannian space-time, the transformation property of the connection is determined by the metric tensor only.
Space-time exterior covariant derivative does not transform covariantly under local changes of scale. Hence, a Weyl connection is introduced as a compensating potential 1-form. A Weyl connection is a dimensionless 1-form Q 3 which transforms under a local scale transformation as
With the help of Q, the exterior Weyl covariant derivative of a p-form Φ p q
with Weyl charge q is defined by:
so that under a local scale transformation DΦ 
In addition, under contractions with the interior product ι a , Weyl charge of the fields increase by 1, i.e.
In order to construct a locally scale invariant action, we take the following relation between the dynamic Weyl connection 1-form Q and the non-metricity
This choice can be equivalently expressed as Dg =
4 Thus, in a geometry equipped with the above features, the Weyl connection 1-form Q and the non-metricity 1-forms Q ab are related by
This identification gives a geometrical origin to the Weyl connection and assignment of units to dimensioned quantities. 4 In a Riemannian space-time, this equation is a compatibility condition between the conformal and projective structures. The projective structure is an equivalence relation between connections ω a b and ω a b + ψ a e b − ψ b e a where ψ = ψ a e a is a 1-form. Two projectively equivalent connections have the same geodesics up to reparametrization. For details, we refer to [14] .
Using (2.13) and (2.21) the transformation rules of co-frame and connection 1-forms read
respectively. Then, torsion 2-forms and curvature 2-forms transform as
respectively. The Ricci 1-forms and the curvature scalar are obtained by contracting the curvature 2-forms:
Moreover, the Einstein 2-forms of our non-Riemannian connection are defined by
(2.25)
Scale Covariant Generalisations of Gravitational Theories
The gravitational theories that will be discussed below are going to be defined using an action principle. The field equations are going to be derived using a first order variational formalism. For the locally Weyl covariant gravitational theories, the action functional will be given by
where M is a compact region without boundary on some chart on an ndimensional RCW manifold. The independent variables are the co-frame 1-forms {e a }, anti-symmetric part of connection 1-forms {Ω a b }, symmetric part of connection 1-forms {Q a b }, a real scalar field α with Weyl charge 1 (whose inverse may be regarded as the local gravitational coupling strength), and some Lagrange multiplier valued 1-forms {λ a }.
To obtain a scale covariant generalisation, we introduce two ingredients to the original theories. First element is the dilaton field α. It has the dimensions of inverse length and is used to write scale invariant terms for Lagrangian. The second one is the Weyl connection 1-form Q. It is an independent variable through the symmetric part of connection 1-forms. The consistency of the generalisation is checked by following the subsequent diagram:
We introduce scale invariant terms to the Lagrangian L T of the original theory using the dilaton field α and Weyl connection 1-form Q. Then vary the scale invariant Lagrangian L SCT and obtain the scale covariant variational field equationsL SCT . If these field equations agree with the field equations of original theoryL T for a fixed scale α = 1, and vanishing non-metricity Q = 0, the above diagram commutes and we say that the generalisation is consistent.
A consistent generalisation means that the scale covariant theory contains the original theory in its vacuum configuration for the Weyl sector. The vacuum configuration means the Weyl connection 1-form has a vanishing field strength, i.e. it is flat. In this case, any solution of the original theory defines an equivalence class of solutions for the scale covariant theory. In this class, two solutions are related to each other by a pure gauge transformation.
We will now discuss scale covariant generalisations of GR and TMG. We first give the original theories and then discuss their generalisations.
General Relativity in Three Dimensions
We will start with the formulation of GR in 3 dimensions. In our formulation, we use differential forms and first order variational formalism. Our independent variables are the co-frame 1-forms {e a }, connection 1-forms {Ω a b }, and Lagrange multiplier valued 1-forms {λ a }. The Lagrangian density 3-form is given by:
where K is the three dimensional gravitational constant, Λ is the cosmological constant. In this theory, we work with the totally anti-symmetic metric compatible connection 1-forms
The total variational derivative of L GR with respect to three independent variables is found to be:
Above, a dot over a field variable denotes the variation of that variable. As a result of the Lagrange constraint equation, torsion vanishes, i.e. T a = 0. Putting this in connection variation equation we find the Lagrange multiplier 1-forms as λ a = 0 identically. Finally, the Einstein field equations are given as:
Now we move on to discuss the scale covariant generalisation of GR. In order to promote GR into a locally scale covariant theory, we introduce a real scalar field α with Weyl charge 1 (whose inverse may be regarded as the local gravitational coupling strength). We also take into account the most general connection 1-forms
where the symmetric part Q a b is identified with the Weyl connection 1-form Q through (2.21). Both α and Q are independent variables with respect to which Lagrangian 3-form will be varied. For the variation of Weyl connection we note thatQ
We consider the following Weyl invariant Lagrangian density:
Above, we also added the kinetic terms of the fields α and Weyl connection 1-form Q to promote them to dynamical fields. In addition γ and γ ′ are dimensionless coupling constants due to scale invariance. The variational field equations of this theory are given by:
where the shorthand expressions 10) are the scale covariant stress-energy forms of the dilaton field α and the Weyl vector boson field Q, respectively.
We first note from Lagrange constraint equation, since α = 0, that the torsion 2-forms identically vanish, i.e. T a = 0. The field equations will be solved under this constraint. The scalar field equation can be replaced by a simpler expression. In order to demonstrate this, we compare the trace 6 of the co-frame equation to the α variation equation and obtain:
Next, we will solve the anti-symmetric connection equation. To do this, we lower an index using Then we write the anti-symmetric part of the connection equation as
where the shorthand expression read:
(4.14)
Equation (4.13) is a system of nine algebraic equations for nine unknown variables {λ a }. The unique solution for the Lagrange multiplier 1-forms is given by:
Finally, after putting the solution for Lagrange multiplier 1-forms, the variational field equations for the scale covariant general relativity theory read:
We note that, the dilaton field equation (4.18) is given by the Weyl vector field equation (4.17) by taking an exterior derivative. To check the consistency of this generalisation, we make the choice
As a result dQ = 0 and we choose a vacuum class of solutions for the Weyl sector. For this choice, Lagrange multiplier 1-forms vanish identically, i.e. We still have a residual gauge freedom for the dilaton field α. We fix this residual gauge freedom by setting α = 1. For this choice Q = 0 and the connection 1-forms become the unique Levi-Civita connection 1-forms. Furthermore, this choice amounts to choosing a global units frame in which (4.16) reduces to the Einstein field equation (4.4) of the original theory.
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Therefore this way of Weyl gauging the theory of GR is a consistent generalisation. We now move on to formulate TMG theory and its scale covariant version.
Topologically Massive Gravity
We now start with the formulation of TMG using differential forms and first order variational formalism. Our independent variables are the co-frame 1-forms {e a }, connection 1-forms {Ω a b }, and Lagrange multiplier valued 1-forms {λ a }. The Lagrangian density 3-form is given by:
where K is the three dimensional gravitational constant, Λ is the cosmological constant. In this theory, we work with the totally anti-symmetic metric compatible connection 1-forms:
The total variational derivative of L T M G with respect to three independent variables is found to be: Y a of the Levi-Civita connection:
Putting this expression in the co-frame equation, we obtain the Einstein field equations of the original TMG theory as:
Y a are the Cotton 2-forms which involve the third order derivatives of the metric.
To promote this theory into a locally scale covariant one, we again introduce the dilaton field α and consider the most general connection 1-forms:
Consequently, the variation of the symmetric part of connection 1-forms {Q a b } are related to variation of the Weyl vector 1-form as:
We analyze the following Weyl invariant Lagrangian density:
Above, we added the abelian Chern-Simons term for the Weyl connection 1-form Q in addition to the kinetic terms of the α and Q fields. The total variational derivative of the Lagragian is found to be:
First, from the Lagrange constraint equation, torsion 2-forms identically vanish. Then, by comparing the trace of the co-frame equation to the dilaton field equation, we obtain:
Next, we solve the anti-symmetric part of connection equation for Lagrange multiplier 1-forms. To lower an index in this equation, we use (4.12) and write the anti-symmetric part of the connection equation as
From above, the unique solution for the Lagrange multiplier 1-forms is found to be: (Ω)
Finally, the variational field equations of the scale covariant TMG theory read:
−2α
(Ω) To check the consistency of this generalisation, we choose a vacuum configuration for the Weyl sector:
For this choice, equations (5.15) and (5.16) are trivially satisfied. We are only left with the equation: 
Conclusion
In our work, we considered the locally scale covariant generalisations of GR and TMG theories. To achieve scale covariance, we adopted the natural framework provided by a RCW space-time with a non-metricity tensor that has vanishing trace-free part. This framework is natural in the sense that, the purely geometrical non-metricity tensor provides us with a connection ∇ which stays inert under local scale transformations. We then derived the Einstein field equations using a first order variational formalism and discussed the consistency of these generalisations. To this aim, we picked a vacuum configuration, where the stress 2-form of the Weyl connection vanishes, and showed the originial theory lies in this vacuum sector. Therefore, we ensured this method of Weyl gauging provides a consistent generalisation. A scale covariant version of TMG is studied in [15] using a similar technique. However, contrary to our approach, the authors interpret the Weyl vector boson as a potential for the gauge group U(1) of electrodynamics. Since Weyl connection 1-form is a purely real we do not do that. Also, when interpreted as a linear connection, it has a geometrical meaning over space-time. For a U(1) connection this geometrical meaning is rather obscure because it is a complex valued 1-form.
For future studies, one can couple a Higgs like potential for the dilaton field and study a symmetry breaking scheme for the scale group. This way, one can introduce dimensionful quantities to the theory. Alternatively, the same method can be applied to other three dimensional massive gravity theories with an action formulation such as New Massive Gravity [16, 17] , Minimal Massive Gravity [18, 19] or New Improved Massive Gravity [20, 21] theories. Three dimensional applications are also important because of novel topological and geometrical properties of three dimensional Einstein-Weyl spaces [22, 23] . We plan to discuss these in upcoming papers. Another relevant direction that may be considered is to investigate solutions of the scale covariant TMG theory that might generalize the BTZ blackhole solution. We expect our results will prove useful in these contexts.
